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We characterize the quantities which can arise as the mean distance in a tree, giving in each 
case the number of nonisomorphic trees with the given mean distance. In particular, we show that 
every rational r?2 is the mean distance in some tree, solving a problem posed by Hendry. 
The “mean distance” in a connected graph G on n vertices is given by 
where d(u, u) is the number of edges in a shortest path from u to u in G. Introduced 
in 1977 by Doyle and Graver [3], the mean distance was originally envisioned in the 
context of architectural design, but seems to have arisen more often since then as 
a measure of the efficiency of a communications network. 
Recent interest in the mean distance has been sparked by a series of problems and 
solutions. The author [12] conjectured that every graph has a vertex whose removal 
increases the mean distance in the graph by no more than a factor of 4; some 
excellent partial results on this and related problems were obtained by Kouider [7] 
and by Bienstock and Gyori [I]. The computer program Graffiti of Fajtlowicz and 
Waller [4] “conjectured” that the mean distance in a connected graph is bounded 
by its independence number; this has just been proved by Chung [2]. Finally, and 
most relevantly, Plesnik [9] conjectured that every rational r~ 1 is the mean distance 
in some graph; this was proved by Truszczynski [ll] and independently by Hendry 
[5]. Later, Hendry showed in [6] that given any rr2 and E>O there is a tree T with 
Ip(T)-rl <E. He th en asked whether for rational r> 2 there is always a tree whose 
mean distance is exactly r, and it is this which we confirm below. 
When r> 2 there are in fact infinitely many trees with p(T) = r. Below 2 the 
realizable values are nowhere dense, and easily characterized; it turns out that for 
each value of r at or below 2 there are at most two trees with mean distance r. The 
full statement of the main theorem is as follows: 
Theorem 1. Let a rational number r be given. If r> 2, then there are a (countably) 
infinite number of nonisomorphic trees whose mean distance is exactly r. If r<2, 
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then there is a tree whose mean distance is r just when r can be written in the form 
2 - 2/k, where k is an integer greater than 1; if k = (7) for some integer m > 3 or 
if k = 30, then there are exactly two such trees, otherwise only one. Finally, there 
are two trees whose mean distance is 2. 
The proof for the case r > 2 is similar in principle to proofs used by Hendry in 
[6], making use of overlapping ranges to cover possible values for the numerator 
in certain fractional representations of r. The primary difference is in our necessity 
for, and use of, the following critical lemma. 
Lemma 2. Let t be a positive integer, and let m be any integer such that Tim <ft2 
and m = t(mod 2). Then there is a partition n of t into positive integers t,, tZ, . . . , t, 
whose squares sum to m. 
Proof. We proceed by induction on t. Let t and m be given as above, and let j be 
the unique integer for which j( j- 1) 5 m - t < (j + 1)j; then in particular j( j - 1) I 
m-@ so that j<fi<ftfi. 
Let t’= t-j and m’=m -j*. Then t’lm’ on account of the first half of the in- 
equality in the definition of j, and m’< t + j on account of the second half. If t> 23 
we have: 
t’s m’< t+j< (l+@Z)t < 0.2(1-lKZ)2t2 5 f(t-j)2 = ft’*, 
and of course m’= t’(mod 2), so t’ and m’ satisfy the induction hypothesis. Adding 
tS8+l = j to the partition so obtained yields a valid partition for t and m. 
For values of t running from 11 to 23 the largest possible values for j are 
4,4,5,5,6,6,6,7,7,8,8,9,9 respectively; in each case we still obtain the desired in- 
equality m’s it’*. Finally, for ts 10 we have ft2<2t so that the required partition 
can be made up of l’s and 2’s. 0 
Remark. The upper limit of ft2 is of course not best possible; however ct2 would 
suffice for any c>O with suitable changes in the arguments below. The value c= f 
was chosen simply because it permits the induction to start as early as possible. 
In fact, Lemma 2 holds for any c< 1 provided t is restricted to be greater than 
some value to = to(c). Recently, Resnick [lo] has shown that the asymptotic upper 
limit of m is n2-21/2n3’2, the actual upper limit varying from this expression by 
no more than a constant times n5’4. While Lemma 2 as stated (with no restrictions 
on t) is more useful below, Resnick’s result, which was motivated by this paper, is 
certainly more interesting from a number theoretic point of view. 
For values of r strictly between 2 and 3 we use a class of trees which we call super- 
stars, parametrized by two positive integers k and t and a partition rr = {t,, t2, . . . , t,> 
of t, with SI k. Each superstar Sk,I, n contains a vertex x (called the “hub”) with 
neighbors . ulr u2, . . . , ok, attached to each vi, 15 iss, are ti additional vertices. 
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Altogether, therefore, Sk, r, n is a tree on 1 + k-t t vertices which has radius 2 about 
a vertex of degree k. 
The superstar Ss, 6, (i,z, 31 is pictured below in Fig. 1. In what follows we will con- 
sider only superstars Sk,t,n for which k and t are both even, with k>lOOO and 
lOl/k<t<k. 
Fig. I. The “superstar” Ss,s, {I,~,J). 
Among the partitions of an even number t we single out two: the partition a= 
(t,, tZ, t3, t4, ts} in which each ) ti - +t\ < 1, and the “total” partition p = { 1, 1, . . . , l}. 
Denoting by a(T) the sum of all the distances in a tree, we have that 
c(S~,~J = k2+3kt+2t2-t- i t,! 
i=l 
and therefore, in view of Lemma 2, every even number in the range 
c&S~,~,J = k2+3kt+;t2-t 
to 
CJ(S~,~,~) = k2+3kt+2t2-2t 
is realized by CJ(S~,~, .) f or some partition n of t. Further, under the previously 
mentioned constraints on k and t we have 
a(Sk-2,1+2,p)-a(Sk,r,p) = 2t+s-4> 0, 
and 
a(Sk,t,B)-a(Sk-2,t+2,a )=+t2--t-2k+J+>O, 
a(Sk_=,,+*,a)-~(Sk,t,a) = $+2k-? > 0. 
It follows that 
a(Sk,t,a) < (3(Sk-2,t+2,ru > < a(sk,t,/?> < a(Sk-2,r+2,/& 
so that successive ranges overlap, with n = 1 + k + t held fixed. 
Next, for given odd n>2000, let t(n) be the even integer nearest to 1Ofi and 
define 
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and 
roe) = P(&-t(n)-l,r(n),J - (n2+ 1on 3’2- 22n - 2on”2+ l)/(+z(n - 1)) 
r1(n) =~(S(n-1)/2,(n-1)/2,8) = (tn2-4n+M+0-l)). 
Then lim,,, ro(n) = 2 and lim,,, rr(n) = 3, so for any r between 2 and 3 we may 
choose n(r) so that n>n(r) implies ro(n)<r<r,(n). Write r=p/q with q>$n(r); 
then there must be a superstar S on n =4q+ 1 vertices such that a(S) is precisely 
equal to the even number 2p(4q + 1) = r(t), yielding p(S) = r as desired. Of course, 
any multiple of q then works as well, producing arbitrarily large such superstars. 
For rr3 a “stem” will be added to the superstar to increase its mean distance; 
this requires a new parameter z but in return the absence of low values of r enables 
us to take t = k. The “dandelion” Dz,t, 7[ is constructed by identifying the hub of the 
superstar S, t, K with an endpoint of a path on z vertices; D,,,, i1,2,31 is illustrated in 
Fig. 2. For dandelions, we insist that tz 1000 as before and that z( t/70, with z odd 
and t even. 
Fig. 2. The “dandelion” 04,6, (,,JJ). 
It is easily checked that 
w&,,,) = ~(z3-Z)+(Z--1)(Z+3)t+o(S11,,) 
= +(z3 -z)+(z-l)(z+3)t +6t2- t -;cI t’. 
The difference a@, 1, p) - a@, I,a) is now ft2 - t, with every intermediate even 
number covered. Here, with the given constraints on z and t, 
and 
~(D,+~,,-~,~)-~(D~,~,~) = a- 122-4 > 0, 
~(D~,f,P)-(7(02+4,1-2,a )=ft2-8tz+12z-@+ij?>O, 
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Thus we again have 
implying that the ranges overlap when n = z + 2t is held constant. 
NOW for given odd II > 4000, let z(n) be the even integer nearest to n/75 and define 
and 
r2h) = Pu(Q,(n-1)/2,a) 
= i~(S(,_l),~,(~_l),2,~) = (29n2/20- 17n/5 + 39/20)/(+n(n - l)), 
r3b) = iU(Q(n),(n-z(n))/2,8) 
- (223n3/253 1250 + 8288n2/5625 - 1111 n/450)/(+@ - 1)). 
Then lim,,, r2(n) = 29/10< 3, and lim,,, r3(n) = 03, so the previous construction 
can be duplicated. 
A star S, is of course just a “hub” point with k pendent vertices, and adding one 
further vertex adjacent to an outer vertex of Sk yields what we call the “augmented 
star” Sk’ (see Fig. 3). An easy calculation shows that ,u(S,) =2 - 2/(k+ 1) and 
,u(S~+) =2-2/tki2), and the next lemma says that with only finitely many excep- 
tions these are the only trees with mean distance at most 2. 
x 
Fig. 3. The star S, and “augmented star” Sl. 
Lemma 3. If ,u(T) I 2 and T has more than 7 vertices, then T is a star or augmented 
star. 
Proof. Since the path Pk on k vertices has mean distance +(k+ l), T is not a path 
and we may choose a vertex x of P with degree at least 3. Let A4 be the set of vertices 
at distance greater than 1 from x, and let m = IM1. If m = 0 or 1, then T is a star 
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or augmented star as claimed, so we may assume 2 5 m sn - 4 where n is the number 
of vertices of T. 
Now each vertex in M is at distance at least 3 from all but one of the neighbors 
of x, so we have at least m(n -m - 2) zn pairs of vertices at distance 3 or more. 
Since there are of course only n - 1 pairs at distance 1, we have p(T) > 2, a contra- 
diction. 0 
Apart from the trivial l-vertex tree (whose mean distance is undefined) there are 
only 24 nonisomorphic trees on 7 or fewer vertices, among which are Pz= S,, 
P3=Sl+ = Sz, and P4= S:. It is easily checked that other than the stars and aug- 
mented stars, only three of these small trees (pictured in Fig. 4) have mean distance 
at most 2. Their mean distances are 2, 2, and 29/15 respectively, and the theorem 
follows. 
Fig. 4. The three exceptional trees with mean distance at most 2. 
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